We shall show the existence of uniform attractors for the 2D nonautonomous Navier-Stokes equations with damping by contractive functions method which is more simple than the weak continuous method to establish the uniformly asymptotical compactness in H.
Introduction
In this paper, we consider a non-autonomous 2D Navier-Stokes equations with damping that governs the motion of a incompressible fluid:
where Ω ⊂ R 2 is a bounded domain with smooth boundary ∂Ω, ν is the kinematic viscosity of the fluid, f (t, x) is the non-autonomous external body force, u = u(t, x) = (u 1 (t, x), u 2 (t, x)) is the velocity vector field which is unknown, p is the pressure, α > 0 is positive constant, R τ = [τ, +∞).
When α = 0, (1)-(4) reduce to the well-known 2D incompressible NavierStokes system, since the last century, the global well-posedness and large-time behavior of solutions to the Navier-Stokes equations, the full Navier-Stokes system has attracted many mathematicians, such as the well-posedness and corresponding infinite-dimensional dynamical systems of 2D and 3D incompressible Navier-Stokes equations, one can refer Leray [7] , Hopf [5] , Sell [9] , Cheskidov and Foias [4] , Chepyzhov and Vishik [2] , Kapustyan and Valero [6] .
However, the infinite-dimensional dynamical systems for 3D incompressible Navier-Stokes equations have not yet completely resolved, so some mathematicians pay attentions to the 3D incompressible Navier-Stokes equation with damping, the known results we can refer to Cai and Jiu [1] , Song and Hou [10] , Qin, Yang and Liu [8] .
In this paper, we show the existence of uniform attractors for the 2D nonautonomous Navier-Stokes equations with damping by contractive functions method which is more simple than the weak continuous method in H.
Main Results
Notations: C denotes a generic positive constant, depending on Ω, but in-
the Laplace operator with its domain D(A), "
" stands for weak convergence of sequences.
The existence of global solution for (1)- (4) can be derived by similar methods as in [8] : 
) possesses a unique global solution u(t, x) which satisfies
We denote the set of all contractive functions on B × B by Contr(B, Σ).
Lemma 2.4
Let {U f (t, τ )}(f ∈ Σ) be a family of processes on Banach space X and has a bounded uniform (w.r.t f ∈ Σ) absorbing set f 0 ⊂ X. Moreover, assume that for any ε > 0, there exist T = T (B 0 , ε) and φ T ∈ Contr(B 0 , Σ) such that
Discussion
In this section, we shall prove Theorem 2.2 by two steps as follows: firstly, we obtain the existence of the absorbing ball, then we prove the asymptotical compactness of process by virtue of contractive function method.
Lemma 3.1 Let the external force f ∈ Σ, u τ ∈ H, then the process has a bounded uniform (w.r.t. f ∈ Σ) absorbing set
B 0 in H, where B 0 = u ∈ H : u H ≤ C f 0 L 2 b (R;H) .
= ρ is a bounded set in H.
Proof. Multiplying (1) with u and integrating on Ω, by the Young inequality we conclude
then integrating over [τ, t] , it follows
hence,
where λ 1 is the first eigenvalue in the Poincare inequality.
By Gronwall's inequality, we derive
where
(R;H) , i.e., B 0 is the uniformly (w.r.t. f ∈ Σ) absorbing ball for the process {U f (t, τ )} in H.
Lemma 3.2
Under the condition of f ∈ Σ, the process {U f (t, τ, u τ )} generated by the global solutions for problem (1) - (4) 
Denote w(t) = u 1 (t) − u 2 (t), then w(t) satisfies the equivalent abstract equations
where B(u) = (u · ∇)u, p has disappeared by the projection operator P . Setting ; f 1 (t), f 2 (t)) ∈ Contr(B 0 , Σ) for the above T . By Lemma 2.4, the conclusion holds.
Proof of Theorem 2.2 From Lemmas 3.1-3.2, using the classical infinitedimensional dynamical system which can be found in [3] , we can conclude the result directly.
